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Abstract. Let X be a smooth curve over a finitely generated field k, and let

` be a prime different from the characteristic of k. We analyze the dynamics
of the Galois action on the deformation rings of mod ` representations of the

geometric fundamental group of X. Using this analysis, we prove analogues of

the Shafarevich and Fontaine-Mazur finiteness conjectures for function fields
over algebraically closed fields in arbitrary characteristic, and a weak variant

of the Frey-Mazur conjecture for function fields in characteristic zero.
For example, we show that if X is a normal, connected variety over C, the

(typically infinite) set of representations of π1(Xan) into GLn(Q`), which come

from geometry, has no limit points. As a corollary, we deduce that if L is a
finite extension of Q`, then the set of representations of π1(Xan) into GLn(L),
which arise from geometry, is finite.
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1. Introduction

The purpose of this paper is to study the representations of the étale fundamental
group of a variety X over a finitely generated field k, via an analysis of the Galois
action on πét

1 (Xk̄, x̄). This work was begun in [Lit18], which studied integral aspects
of such representations. In this paper we focus on finiteness results, motivated by
the Shafarevich conjecture [Fal83, Satz 6], the Fontaine-Mazur finiteness conjectures
[FM95, Conjectures 2a and 2b], and the Frey-Mazur conjecture (see the question at
the end of the introduction of [Maz78] for the original question, and the introduction
of [BT16] for a corrected statement).

Part of the goal of this work is to give anabelian approaches to function field
analogues of standard conjectures about representations of Galois groups of number
fields, in the hope that these techniques can be transported to the number field setting.
In particular, most of our main results have purely group-theoretic statements.
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1.1. Main results. Let k be a finitely generated field, and X/k a curve (a smooth,
separated, geometrically connected k-scheme of dimension 1). Choose an algebraic
closure k̄ of k, and let x̄ be a geometric point of X.

Definition 1.1.1. Let ` be a prime different from the characteristic of k, and let L
be an `-adic field (an algebraic extension of Q` or the completion thereof). We say
that a continuous representation

ρ : πét
1 (Xk̄, x̄)→ GLn(L)

is arithmetic if there exists a finite extension k′ of k and a continuous representation

ρ̃ : πét
1 (Xk′ , x̄)→ GLn(L)

such that ρ is a subquotient of ρ̃|πét
1 (Xk̄,x̄).

The main examples of arithmetic representations are those arising from geometry
(see Definition 3.1.5 for a precise definition):

Example 1.1.2. Suppose

f : Y → Xk̄

is a smooth proper morphism of varieties over k̄. Then for any i ≥ 0, any subquotient
of the monodromy representation

π1(Xk̄, x̄)→ GL((Rif∗Q`)x̄ ⊗ L)

is arithmetic. (See Proposition 3.1.6 for a proof of a mild generalization of this fact.)

The purpose of this paper is to study arithmetic representations, and to apply
this study to the understanding the representations which arise from geometry.

1.1.1. Results on finiteness. Our first main result is:

Theorem 1.1.3. Let c ∈ R be such that 0 < c ≤ 1. Let

ρ̄ : πét
1 (Xk̄, x̄)→ GLn(F`r )

be a representation. Then the set of semisimple arithmetic representations

ρ : πét
1 (Xk̄, x̄)→ GLn(C`)

with

Tr(ρ) ≡ Tr(ρ̄) mod `c

is finite.

Here C` := Q̂` is the completion of the algebraic closure of Q`.

Remark 1.1.4. A slight weakening of Theorem 1.1.3 admits a more pithy statement.
Namely, Theorem 1.1.3 implies that the set of semisimple arithmetic representations
of πét

1 (Xk̄, x̄) → GLn(C`) has no limit points. That is, if {ρi} is a sequence of
semisimple arithmetic representations with Tr(ρi) → Tr(ρ) pointwise, then the
sequence {ρi} is eventually constant.

As a corollary, we have the following finiteness result:

Corollary 1.1.5. Suppose L is finite over Q`, with residue field F`r , ring of integers
OL, and maximal ideal mL. Then
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(1) If ρ̄ : πét
1 (Xk̄, x̄) → GLn(F`r) is a continuous representation, the set of

semisimple arithmetic representations (resp. representations which arise
from geometry)

ρ̃ : πét
1 (Xk̄, x̄)→ GLn(L)

with Tr(ρ̃) ≡ Tr(ρ) mod mL is finite.
(2) If char(k) = 0, the set of semisimple arithmetic representations (resp. repre-

sentations which arise from geometry)

ρ : πét
1 (Xk̄, x̄)→ GLn(L)

is finite.
(3) If char(k) > 0, the set of semisimple tame arithmetic representations

(resp. tame representations which come from geometry)

ρ : πtame
1 (Xk̄, x̄)→ GLn(L)

is finite.

This is the geometric analogue of the Shafarevich and Fontaine-Mazur finiteness
conjectures referred to in the abstract.

Remark 1.1.6. Theorem 1.1.3 and the parts of Theorem 1.1.5 about semisimple
arithmetic representations are purely group-theoretic statements about the structure
of the arithmetic fundamental group πét

1 (X, x̄).

Remark 1.1.7. Note that if L is replaced by Q` in Corollary 1.1.5 above, the

statement is false, as may be seen by taking X = Gm; in this case πét
1 (Xk̄, x̄) ' Ẑ,

and the arithmetic representations (resp. representations which arise from geometry)

πét
1 (Xk̄, x̄) → Q`

×
are precisely the characters of finite order, of which there are

infinitely many.

Remark 1.1.8. Corollary 1.1.5(3) is false without the tameness assumption. For
example, one may take X = A1

k; then Hom(πét
1 (Xk̄, x̄),Fp) is not finitely generated,

and hence there are infinitely many representations πét
1 (Xk̄, x̄) → GLp(Q`) with

finite image. Representations with finite image are always arithmetic (and always
arise from geometry). One may, however, replace the tame fundamental group with
any topologically finitely-generated quotient of πét

1 (Xk̄, x̄).

Remark 1.1.9. One may prove higher-dimensional analogues of Theorem 1.1.3 and
Corollary 1.1.5 by reduction to the case of curves, via a Lefschetz argument.

Moreover, one may deduce results for varieties over arbitrary fields by a standard
spreading-out and specialization argument. For example, Corollary 1.1.5 implies
that if X is a connected, normal variety over C, the set of reprsentations of π1(Xan)
into GLn(Q`), which arise from geometry, is finite.

1.1.2. A weak analogue of the Frey-Mazur conjecture. Suppose now that

ρ̄ : πét
1 (Xk̄, x̄)→ GLn(F`r )

is geometrically irreducible. Then Theorem 1.1.3 implies (by [Car94, Théorème 1])
that given

ρ̃ : πét
1 (Xk̄, x̄)→ GLn(Z`)

lifting ρ̄, there exists d ∈ Q>0 such that for any ρ̃′ with

ρ̃′ ' ρ̃ mod `d,
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we have that ρ̃′ ' ρ̃. (Here Z` is the valuation ring of Q`.) That is, there is a ball
of radius `−d around ρ̃ such that ρ̃ is the unique lift of ρ̄ within this ball. However,
the proof of Theorem 1.1.3 gives no way to effectively compute such a constant d.

Our final main result gives a method to effectively compute such a constant d > 0,
in terms of cohomological invariants of ρ̃, as long as char(k) = 0 and ρ̃ arises from
geometry. This is a weak geometric version of the Frey-Mazur conjecture for function
fields (see e.g. [Maz78, BT16]), which asserts that a monodromy representation
should be determined by its mod `d reduction, for `d large in terms of the geometric
invariants of X and the dimension of ρ̃, if ρ̃ arises from the Tate module of an
Abelian X-scheme.

Theorem 1.1.10. Let X be a smooth, geometrically connected curve over a finitely
generated field k of characteristic zero, and let x̄ be a geometric point of X. Let

ρ : πét
1 (Xk̄, x̄)→ GLn(Q`)

be a representation which arises from geometry, lifting a geometrically irreducible
residual representation ρ̄. Then there exists an explicit constant N = N(c(ρ), `)
such that any semisimple arithmetic representation

ρ̃ : πét
1 (Xk̄, x̄)→ GLn(Q`)

with

Tr(ρ̃) ≡ Tr(ρ) mod `N

satisfies ρ ' ρ̃. Here c(ρ) is defined as in Definition 5.1.7.

Remark 1.1.11. The statement of Theorem 1.1.10 is not purely group-theoretic,
as ρ is required to arise from geometry. However, the proof only requires ρ to be
geometric in the sense of Fontaine-Mazur — see Remark 5.1.6 for details.

In general, the constant c(ρ) appearing in Theorem 1.1.10 may be bounded
independently of `, assuming the Tate conjecture; in particular, assuming the Tate
conjecture, if {ρ`} is a compatible system of representations of πét

1 (Xk̄, x̄) arising
from geometry, we have N(c(ρ`), `)→ 0 as `→∞. See Remark 5.4.1 for details.

Without the Tate conjecture, we do not know how to estimate the constant c(ρ)
appearing in Theorem 1.1.10 above; however, if ρ has finite image, we may bound
it using a result of Serre [Ser13, Lettre à Ken Ribet, p. 60]. In this case, we have
the following more uniform result, which is a strengthening of the main theorem
of [Lit18]:

Theorem 1.1.12. Let X, k, x̄ be as in Theorem 1.1.10. Let

ρ : πét
1 (Xk̄, x̄)→ GLn(Q)

be an irreducible representation which factors through a finite quotient G of πét
1 (Xk̄, x̄).

Then there exists a sequence of constants NG(`) with NG(`) → 0 as ` → ∞ such
that if

ρ̃ : πét
1 (Xk̄, x̄)→ GLn(Q`)

is semisimple arithmetic with

Tr(ρ) ≡ Tr(ρ̃) mod `NG(`),

we have ρ⊗Q` ' ρ̃.
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In other words, Theorem 1.1.3 implies that there is a ball around ρ⊗Q` in which
it is the unique semisimple arithmetic representation of πét

1 (Xk̄, x̄). Theorem 1.1.11
implies that the radius of this ball tends to 1 as `→∞.

In particular, for ` � 0, if L is a finite extension of Q` with residue field F`r ,
there is a unique semisimple arithmetic lift of any representation

πét
1 (Xk̄, x̄)→ G→ GLn(F`r )

to GLn(L), namely the obvious one which factors through G. For example, we have
the following simple consequence:

Corollary 1.1.13. There exists `0(X)� 0, independent of n, such that for ` > `0,
the unique semisimple arithmetic representation

ρ : πét
1 (Xk̄)→ GLn(Z`),

which is trivial mod `, is the trivial representation.

Here semisimplicity means that ρ⊗Q` is semisimple.

1.2. Overview of the proof.

1.2.1. Sketch proof of Theorem 1.1.3. The proof proceeds in two steps. First, we
show that any semisimple arithmetic representation into GLn(C`) is in fact defined
over Q` (Theorem 3.2.3). This is the only place in the paper in which Lafforgue’s
work is used; we require as input from Lafforgue the fact that if k is finite of
characteristic different from ` and

ρ : πét
1 (X, x̄)→ GLn(Q`)

is irreducible when restricted to πét
1 (Xk̄, x̄), then ρ⊗ ρ∨ is pure of weight zero.

We reduce to the case of finite fields by a specialization argument. In this case,
we show via a dynamical argument (Corollary 4.1.5), that for c as in the Theorem,
there exists k(c)/k finite such that any ρ satisfying the condition of Theorem 1.1.3
is invariant under the action of Gk(c). Now suppose there were infinitely many such
semisimple ρ. The condition Tr(ρ) ≡ Tr(ρ̄) mod `c defines an affinoid subdomain of
the rigid generic fiber of the space of pseudocharacters lifting Tr(ρ̄); the infinitude of
ρ satisfying the given condition would imply that this subdomain contains infinitely
many Gk(c)-fixed points. Thus the space of Gk(c)-fixed points would be a positive-

dimensional rigid space, and hence would have a C`-point not defined over Q`. This
contradicts the result of the previous paragraph.

1.2.2. Sketch proof of Theorem 1.1.10. The proof is a variant on the proof of Theorem
1.2 of [Lit18], replacing the use of the pro-unipotent fundamental group in that
paper with the use of deformation rings. As in the statement of the theorem, let

ρ : πét
1 (Xk̄, x̄)→ GLn(Q`)

be a representation which arises from geometry, lifting a geometrically irreducible
residual representation

ρ̄ : πét
1 (Xk̄, x̄)→ GLn(F`r ).

Let Sρ be the deformation ring of ρ and Rρ̄ the deformation ring of ρ̄.
We define a weight filtration W • on Sρ and, for α ∈ Z×` sufficiently close to 1,

we construct elements σα ∈ Gk which act on gr−iW Sρ via αi · Id (Theorem 5.1.8).
Using this analysis, we construct a Gk-stable closed ball U in rigid generic fiber Eρ̄
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of Rρ̄, containing the point of Eρ̄ corresponding to ρ, such that the span of the σα
eigenvectors in OU is dense.

The σα-eigenvectors in OU are convergent power-series vanishing at the point
of Eρ̄ corresponding to ρ; we estimate their coefficients in terms of α. Using this
estimate, we may estimate the radius of a ball U ′ in which ρ is the unique common
zero of these σα-eigenvectors, and hence the unique σα-periodic point of U ′. We
thus conclude that it is the unique arithmetic representation contained in U ′.

1.3. Comparison to previous work. We first discuss predecessors to Theorem
1.1.3 and Corollary 1.1.5. Deligne showed [Del87] that if X is a normal complex
algebraic variety, there are finitely many representations

πtop
1 (X,x)→ GLn(Q)

underlying a polarizable variation of Hodge structure, and hence finitely many such
representations which arise from geometry; Corollary 1.1.5 is analogous, but replaces
Q with an `-adic field.

Work of Deligne, Drinfel’d, and Lafforgue implies (via automorphic methods) that
if X is a variety over a finite field Fq, the set of semi-simple Q`-representations of its
Weil group W (X), with bounded ramification, is finite up to twist by characters of
W (Fq) [EK12, Theorem 2.1]. We expect that one could deduce Theorem 1.1.3 and
Corollary 1.1.5 from this result, using the dynamical methods of Section 4 of this
paper. Unlike the proof of that result, our proof avoids direct use of automorphic
techniques, though it does rely on the work of Lafforgue.

Theorems 1.1.10 and 1.1.11 are weak variants of the Frey-Mazur conjecture
for function fields; the proofs are a (somewhat involved) variant of the proof
of [Lit18, Theorem 1.2]. There has been much recent work on the function field
Frey-Mazur conjecture for representations arising from families of elliptic curves;
see e.g. [BT16]. Theorem 1.1.11 also has complex-analytic analogues (with rather
different uniformities) in the case of monodromy representations arising from families
of Abelian varieties, in e.g. [Nad89,HT06].

1.4. Acknowledgments. To be added after the referee process is complete.

2. Preliminaries on deformation rings

We now begin preparations for the proof of Theorem 1.1.3, which will proceed by
analyzing the dynamics of the Galois action on framed deformation rings of residual
representations of πét

1 (Xk̄, x̄), and on moduli of pseudorepresentations. We first
recall the definitions of the objects in question.

2.1. Basics of deformation rings. Let ` be a prime. Let G be a profinite group
satisfying Mazur’s condition (Φ`) [Maz89]:

For each open subgroup of finite index H ⊂ G, Homcont(H,F`) is finite. (Φ`)

Let ρ̄ : G → GLn(F`r) be a continuous representation. Write Λ = W (F`r) for
the Witt ring of F`r , and let CΛ be the category of local Artinian Λ-algebras with
residue field F`r . Recall that the framed deformation functor

D�
ρ̄ : CΛ → Sets

assigns to an object A of CΛ the set of

{ρ : G→ GLn(A) | ρ⊗A F`r = ρ̄}/ ∼
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where here ρ ' ρ′ if there exists an isomorphism ψ : ρ
∼→ ρ′ so that the diagram

ρ⊗A F`r

ψ⊗AF`r

��

ρ̄

ρ′ ⊗A F`r ρ̄

commutes. In other words, D�
ρ̄ parametrizes lifts of ρ̄ with a lift of the standard

basis, up to the action of ker(GLn(A)→ GLn(F`r )).
We let Dρ̄ : CΛ → Sets be the deformation functor which assigns to an object A

of CΛ the set

{(ρ : G→ GLn(A), ι : ρ⊗A F`r
∼→ ρ̄)}/ ∼

where here (ρ, ι) ∼ (ρ′, ι′) if there exists a commutative diagram

ρ⊗A F`r

∼
��

ι // ρ̄

∼

��
ρ′ ⊗A F`r

ι′ // ρ̄.

There is an evident map D�
ρ̄ → Dρ̄, given by forgetting the framing.

As G satisfies Mazur’s finiteness condition (Φ`), D
�
ρ̄ is pro-representable by a

local Noetherian Λ-algebra R�
ρ̄ with residue field F`r [Maz89]. In general the functor

Dρ̄ is not pro-representable, though it is if ρ̄ is absolutely irreducible; in this case
we call the pro-representing object Rρ̄. The groups

Ti = Hi
cont(G, ρ̄⊗ ρ̄∨)

form a tangent-obstruction theory for Dρ̄. In particular, if T2 = 0, Dρ̄ is formally

smooth; as the forgetful natural transformation D�
ρ̄ → Dρ̄ is formally smooth, this

implies D�
ρ̄ is formally smooth as well. In this situation, R�

ρ̄ is, by the Cohen
structure theorem, non-canonically isomorphic to a power series ring over Λ; if it
exists, Rρ̄ is non-canonically isomorphic to a power series ring over Λ as well, with
tangent space canonically isomorphic to T1.

Finally, we recall from [Tay91,Che14] the definition of a pseudorepresentation,
which formalizes the algebraic properties of the determinant of a representation
det(ρ) : R[[G]]→ R, where

ρ : G→ GLn(R)

is a representation.

Definition 2.1.1 (Pseudorepresentations). Let A be a commutative ring and R a
not-necessarily commutative A-algebra. Let A− alg be the category of commutative
A-algebras, and let

R : A− alg→ A−mod

be the functor

S 7→ R⊗A S.
(1) A polynomial law D : R→ A is a natural transformation R→ A. If B is a

commutative A-algebra, we let DB : R⊗A B → B be the induced map.
(2) A polynomial law D is homogeneous of degreee n if DB(xb) = bnD(x) for

all b ∈ B, x ∈ R⊗A B.
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(3) A d-dimensional pseudorepresentation of R is a homogeneous polynomial
law D : R→ A of degree d.

(4) If G is a group, then a d-dimensional A-pseudorepresentation of G is a
homogeneous pseudorepresentation D : A[G]→ A of degree d.

(5) If D is a d-dimensional A-pseudorepresentation of G, we define its charac-
teristic polynomial χ(g, t) by

χ(g, t) := DA[t](t− g) =

d∑
i=0

(−1)iΛDi (g)td−i

for g ∈ G. We define the trace of D to be ΛD1 .
(6) If A is a topological commutative ring and G is a topological group, we

say that a d-dimensional pseudorepresentation D of G is continuous if
ΛDi : G→ A, defined as above, is continuous for all i. (See [Che14, Section
2.30].)

Of course if

ρ : G→ GLn(R)

is a continuous representation, then det ◦ρ is a continuous n-dimensional pseudorep-
resentation of G.

We will use throughout that if R is an algebraically closed field of characteristic
zero, then a pseudorepresentation is determined uniquely by its trace [Che14,
Proposition 1.29], and that

ρ 7→ det ◦ρ
gives a bijection between (continuous) semisimple representations into GLn(R) and
(continuous) n-dimensional R-pseudorepresentations [Che14, Theorem 2.12].

Given a d-dimensional pseudorepresentation r̄ : G→ F`r , we let

Dps
r̄ : CΛ → Sets

be the functor which assigns to an Artin Λ-algebra A with residue field F`r the set
of d-dimensional pseudorepresentations G→ A lifting r̄. Chenevier shows [Che14,
Proposition 3.3] that Dps

r̄ is pro-representable by a local Noetherian Λ-algebra A(r̄).
Given an n-dimensional residual representation ρ̄ as above, there is a natural map
Dρ̄ → Dps

det ◦ρ̄, given by sending a deformation of ρ̄ to its determinant.
We will also at several places in this text use the rigid-analytic moduli space of

pseudorepresentations. Briefly, if An is the category of rigid-analytic spaces over
Qp, and

Ean : An→ Sets

is the functor which associates to X the set of d-dimensional pseudorepresentations
G→ O(X), Chenevier shows that Ean is represented by a quasi-Stein rigid analytic
space, which we will denote Ed. Chenevier shows that Ed is the disjoint union of
the rigid generic fibers of the A(r̄), where r̄ ranges over all residual d-dimensional
pseudorepresentations.

Finally, if ρ̄ : G → GLn(F`r) is an n-dimensional representation of G, there
is for each c ∈ R with 1 ≥ c > 0 an affinoid subdomain of En given by the set
of pseudorepresentations D : G → Q` with ΛD1 ≡ Tr(ρ̄) mod `c. We denote this
subdomain by Eρ̄,c. Let

Eρ̄ =
⋃

1≥c>0

Eρ̄,c.
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2.2. Galois actions on deformation rings. Let X be a normal, geometrically
connected variety over a finitely generated field k; let x ∈ X(k) be a rational point.
Choose an algebraic closure k̄ of k, and let x̄ ∈ X(k̄) be the geometric point of X
associated to x. The fact that x is a rational point means that the pair (X,x) has
an action by Gk := Gal(k̄/k); hence Gk acts on πét

1 (Xk̄, x̄).
Let

ρ̄ : πét
1 (Xk̄, x̄)→ GLn(F`r )

be a continuous representation. We will now apply the discussion of the previous
section to the case G = πét

1 (Xk̄, x̄).
As ` 6= char(k), πét

1 (Xk̄, x̄) satisfies Mazur’s finiteness condition (Φ`) (by the
finite-generation of H1

ét(Xk̄,F`)), and hence D�
ρ̄ is pro-representable by a local

Noetherian Λ-algebra R�
ρ̄ .

Now Gk acts on πét
1 (Xk̄, x̄), and hence on the space of pseudorepresentations of

πét
1 (Xk̄, x̄), denoted En as above. Moreover, as GLn(F`r) is finite, there exists a

finite index subgroup H1 ⊂ Gk so that for each h ∈ H1, ρ̄
h ' ρ̄. Let k1 = k̄H1 , so

H1 = Gk1 . Then Gk1 acts on Dρ̄ via its action on πét
1 (Xk̄, x̄), and hence on Rρ̄ if it

exists. An identical argument shows that Gk1 acts on Eρ̄,c for each c with 1 ≥ c > 0,
and on A(det ◦ρ̄).

3. Properties of arithmetic representations

3.1. Basic properties. We now establish some basic properties of arithmetic
representations.

Proposition 3.1.1. Let K = Q` or K = C` := Q̂`. Let

ρ : πét
1 (Xk̄, x̄)→ GLn(K)

be a continuous, semisimple representation. Then the following are equivalent:

(1) There exists a finite extension k′ of k and a continuous representation

ρ̃ : πét
1 (Xk′ , x̄)→ GLn(K)

such that ρ̃|πét
1 (Xk̄,x̄) ' ρ.

(2) ρ is arithmetic.
(3) There exists an open subgroup H ⊂ Gk such that for all h ∈ H, ρh ' ρ.
(4) There exists an open subgroup H ⊂ Gk such that for all h ∈ H, Tr(ρh(g)) =

Tr(ρ(g)).

Proof. Clearly (1) =⇒ (2) and (3) =⇒ (4).
We now show that (2) =⇒ (3). By definition, there exists a finite extension k′

of k and a continuous representation

ρ̃ : πét
1 (Xk′ , x̄)→ GLn(K)

such that ρ is a subquotient of ρ̃|πét
1 (Xk̄,x̄). Let S̃ be the (finite) set of isomorphism

classes of irreducible representations of πét
1 (Xk̄, x̄) appearing as subquotients of

ρ̃|πét
1 (Xk̄,x̄), and let S ⊂ S̃ be the set of irreducible representations appearing as

subquotients of ρ. Gk′ permutes S̃ (acting via its outer action on πét
1 (Xk̄, x̄)), and

thus we may set H to be the finite-index subgroup of Gk′ fixing each element of S.
As ρ is semisimple, this implies that (3) holds.

The fact that (4) =⇒ (3) is immediate from [Tay91, Theorem 1].
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Finally, we show (3) =⇒ (1). We may immediately reduce to the case that ρ is
irreducible. For each h ∈ H, choose an isomorphism

γh : ρh
∼→ ρ

— as ρ is irreducible, γh is well-defined up to scaling, by Schur’s lemma. Thus the
assignment

γ : H → PGLn(K)

h 7→ [γh]

is a well-defined (continuous) homomorphism. We claim that γ lifts to an honest
representation H ′ → GLn(K), where H ′ is an open subgroup of H. Indeed, the
obstruction to lifting γ from a projective representation to an honest representation is
a class α ∈ H2(H,Q/Z). Choose H ′ such that ResHH′(α) = 0. Let γ̃ : H ′ → GLn(K)
be a choice of lift.

Now let k′ = k̄H
′

be the fixed field of H ′ ⊂ Gk, so that H ′ = Gk′ . Without loss
of generality, we may assume that the exact sequence

1→ πét
1 (Xk̄, x̄)→ πét

1 (Xk′ , x̄)→ Gk′ → 1

splits (if not, replace k′ with a finite extension so that X has a rational point, giving
such a splitting), so that

πét
1 (Xk′ , x̄) ' πét

1 (Xk̄, x̄) oGk′ .

Now we may set

ρ̃ = ρo γ̃.

�

Corollary 3.1.2. Let K = Q` or C`. Let ρ : πét
1 (Xk̄, x̄)→ GLn(K) be arithmetic.

Then its semisimplification ρss is arithmetic as well.

Proof. Let S be the set of irreducible subquotients of ρ. The arithmeticity of ρ
implies that there exists an open subgroup of Gk which stabilizes S; hence ρss is
arithmetic by Proposition 3.1.1(4). �

Motivated by Proposition 3.1.1, we make the following definitions.

Definition 3.1.3 (Field of moduli and field of definition). Let ρ : πét
1 (Xk̄, x̄) →

GLn(Q`) be a semisimple arithmetic representation.

(1) Let H ⊂ Gk be the stabilizer of ρ; by Proposition 3.1.1(3), H is open. We
say that the fixed field of H, k̄H , is the field of moduli of ρ.

(2) If k′ is such that there exists ρ̃ : πét
1 (Xk′ , x̄)→ GLn(Q`) such that ρ̃|πét

1 (Xk̄,x̄) '
ρ, we say that k is a field of definition of ρ.

If k is a number field, the field of moduli equals the field of definition:

Theorem 3.1.4. Suppose k is a number field, X a geometrically connected k-variety,
and x ∈ X(k) is a rational point. Let k̄ be an algebraic closure of k and x̄ the
geometric point of X associated to x. Let

ρ : πét
1 (Xk̄, x̄)→ GLn(Q`)

be a continuous semisimple representation. Then the following are equivalent:

(1) For each g ∈ Gk := Gal(k̄/k), ρg ' ρ.
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(2) There exists a representation ρ̃ : πét
1 (X, x̄)→ GLn(Q`) such that

ρ ' ρ̃|πét
1 (Xk̄,x̄).

Proof. Clearly (2) =⇒ (1). To see that (1) =⇒ (2), we may immediately reduce
to the case that ρ is irreducible. Then as in the proof of Proposition 3.1.1, we obtain
a projective representation

γ : Gk → PGLn(Q`);

as the sequence

1→ πét
1 (Xk̄, x̄)→ πét

1 (X, x̄)→ Gk → 1

splits (because x is a rational point), it is enough to lift γ to an honest representation

γ̃ : Gk → GLn(Q`).

But such a lift exists by a result of Tate (see [Pat12, Theorem 2.1.1]). �

Definition 3.1.5. A representation

ρ : πét
1 (Xk̄, x̄)→ GLn(L)

arises from geometry if there exists an algebraically closed field F with k ⊂ F ,
and a smooth proper map f : Y → XF , where Y is an F -variety, such that ρ is a
subquotient of the monodromy representation

πét
1 (Xk̄, x̄)→ GL((Rif∗L)x̄).

Proposition 3.1.6. Let

ρ : πét
1 (Xk̄, x̄)→ GLn(L)

be a representation which arises from geometry. Then ρ is arithmetic.

Proof. This is a standard spreading-out and specialization argument, which we
include for the reader’s convenience.

Let F be an algebraically closed extension of k such that there exists an F -variety
Y and a smooth proper map f : Y → XF with ρ appearing as a subquotient
of the monodromy representation on (Rif∗L)x̄. There exists a finitely-generated

k-algebra R ⊂ F , an R-scheme Y , an isomorphism ι : Y
∼→ YF , and a smooth

proper morphism g : Y → XR such that the diagram

Y
ι
∼
//

f

��

YF

gF

��
XF XF

commutes. Now specializing to a closed point z of Spec(R), we find that (Rigz∗L)
is a lisse sheaf with the same monodromy representation as Rif∗L on Xk(z); hence
the representation in question is arithmetic as desired. �
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3.2. Rigidity. We now prove a rigidity statement for arithmetic representations;
this, along with some results in `-adic dynamics proved in Section 4, will be the
main ingredient in the proof of Theorem 1.1.3.

Lemma 3.2.1. Let k = Fq be a finite field with algebraic closure k̄, C/k a smooth
affine curve, and ` a prime not dividing char(k). Let x ∈ X(k) be a rational point,
and x̄ the associated geometric point of C. Let

ρ : πét
1 (Ck̄, x̄)→ GLn(Q`)

be a continuous irreducible arithmetic representation. Let A be a local Artinian
Q`-algebra with residue field Q` and let

ρ̃ : πét
1 (Ck̄, x̄)→ GLn(A)

be a deformation of ρ such that Tr(ρ̃φx) = Tr(ρ̃), where φx is the Frobenius at x.
Then ρ̃ ' ρ⊗Q`

A.

Proof. Let W (k) := Z · Frob ⊂ Gal(k̄/k) be the subgroup of the Galois group of
k generated by Frobenius. Let the Weil group of C, denoted W (C), be the fiber
product

W (C) := W (k)×Gal(k̄/k) π
ét
1 (C, x̄) //

��

W (k)� _

��
πét

1 (C, x̄) // Gal(k̄/k).

Observe that as ρ is arithmetic, there exists an isomorphism γ : ρ
∼→ ρφx ; as ρ is

irreducible, γ is well-defined up to scaling. Our choice of γ extends ρ to a W (C)
representation, well-defined up to a character of W (k); thus ρ⊗ρ∨ is well-defined as a
representation of W (C), and has weight zero by work of Lafforgue [Laf02, Corollaire
VII.8].

Let mA be the maximal ideal of A, and let I ⊂ A be a non-zero ideal with
mA · I = 0, so that

0→ I → A→ B → 0

is a small extension of local Artinian Q`-algebras with residue field Q`. Let

ρ̃ : πét
1 (Ck̄, x̄)→ GLn(A)

be a deformation of ρ satisyfing the hypotheses of the theorem, i.e. ρ̃ ⊗B k ' ρ
and Tr(ρ̃φx) = Tr(ρ̃). By induction on the length of A we may assume that
ρ̃⊗A B ' ρ⊗Q`

B.
Now ρ̃ and ρ ⊗Q`

A are deformations of ρ ⊗Q`
B; the space of deformations of

ρ⊗Q`
B is a torsor for H1(πét

1 (Xk̄, x̄), ρ⊗ρ∨). Thus [ρ̃]−[ρ⊗Q`
A] gives a well-defined

class in H1(πét
1 (Xk̄, x̄), ρ⊗ ρ∨).

By [Car94, Théorème 1], ρ̃φx ' ρ̃; clearly ρ⊗Q`
A is also φx-invariant. Hence

[ρ̃]− [ρ⊗Q`
A] ∈ H1(πét

1 (Xk̄, x̄), ρ⊗ ρ∨)Gk .

But recall that ρ⊗ρ∨ has weight zero; thus by Weil II [Del80], H1(πét
1 (Xk̄, x̄), ρ⊗

ρ∨) has weights in {1, 2}. In particular H1(πét
1 (Xk̄, x̄), ρ⊗ρ∨)Gk = 0. So ρ̃ ' ρ⊗Q`

A
as desired. �

Remark 3.2.2. The proof of Lemma 3.2.1 is the only place in this paper where the
work of Lafforgue is used, where we need above that ρ⊗ ρ∨ has weight zero.
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We now deduce that all semisimple arithmetic representations into GLn(C`) are
defined over Q`.

Theorem 3.2.3. Let X be a normal, geometrically connected curve over a finite
field k, and let ` be a prime different from the characteristic of k. Then any
semisimple arithmetic representation

ρ : πét
1 (Xk̄, x̄)→ GLn(C`)

with

Tr(ρ) mod mOC`
⊂ F`r

for some r is in fact defined over Q`, i.e. there exists a representation

ρ̃ : πét
1 (Xk̄, x̄)→ GLn(Q`)

such that ρ̃⊗Q`
C` ' ρ.

Proof. We first claim it suffices to prove the theorem for ρ irreducible. Indeed ρ is
a direct sum of irreducible constituents; if each is defined over Q`, then their direct
sum is as well. Hence we assume ρ is irreducible. Moreover, we may assume X is
affine, by deleting a point.

Let

ρint : πét
1 (Xk̄, x̄)→ GLn(OC`

)

be an integral model of ρ, and let

ρ̄ : πét
1 (Xk̄, x̄)→ GLn(F`)

be the residual representation. By the assumption on Tr(ρ), ρ̄ factors through
GLn(F`r′ ) for some r′; we rename r′ as r and abuse notation to refer to the
representation

πét
1 (Xk̄, x̄)→ GLn(F`r )

as ρ̄ as well. Let R�
ρ̄ be the framed deformation ring of ρ̄, as in Section 2. The

representation ρ is classified by a map

f̃ρ : R�
ρ̄ → C`;

let S be the image of f̃ρ inside of C`. The map R�
ρ̄ → S gives a representation

ρS : πét
1 (Xk̄, x̄)→ GLn(S)

such that ρS ⊗S C` ' ρ. That is, ρS is a model of ρ over a Noetherian local
W (F`r )-algebra.

There exists a finite-index subgroup H ⊂ Gal(k̄/k) such that for each h ∈ H,
Tr(ρhS) = Tr(ρS), as the same is true for ρ. Now by e.g. [Che14, Proposition
G], there exists a Zariski-open subset U irr ⊂ Spec(S[1/`]) such that for each point
z : Spec(Q`)→ U irr of U irr, the representation ρz := ρS⊗SQ` is irreducible. Choose

such a point, and let Ŝ be the completion of S at z; as S is an integral domain, S

injects into Ŝ. But by Lemma 3.2.1, Tr(ρS ⊗S Ŝ)(g) ⊂ Q` for each g ∈ πét
1 (Xk̄, x̄).

Hence the same is true for ρ, and thus ρ is defined over Q` by [Tay91, Theorem
1]. �
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4. Dynamics of deformation rings

4.1. The local dynamical Mordell-Lang conjecture. We now prove some gen-
eral facts about continuous pro-finite group actions on Λ[[x1, · · · , xN ]], which will
be used in the proof of Theorem 1.1.3 and related results. The main technical tool
is a uniform local version of the dynamical Mordell-Lang conjecture (Lemma 4.1.3);
it is surely well-known to experts, but we include a proof as we were unable to find
a version with the required uniformities in the literature.

As above, let Λ = W (F`r); endow Λ with the usual absolute value | · |`, so that
|`|` = 1/`. Let R = Λ[[x1, · · · , xN ]]. Let Λ〈x1, · · · , xN 〉 be the Tate algebra on N
variables, i.e. Λ〈x1, · · · , xN 〉 ⊂ R is the set of power series∑

I∈ZN
≥0

aIx
I

with |aI |` → 0 as |I| =
∑N
j=1 ij →∞.

We now recall the “`-adic analytic arc lemma,” in a form due to Poonen [Poo14],
building on results of Bell, Ghioca, and Tucker [BGT10]:

Lemma 4.1.1 (`-adic analytic arc lemma, [Poo14, Theorem 1]). Let f ∈ Λ〈x1, · · · , xN 〉N
satisfy f(x) = x mod `c for some c > 1

`−1 . Then there exists g ∈ Λ〈x1, · · · , xN , n〉N
with g(x,m) = fm(x) for each m ∈ Z≥0.

In other words, iterates of analytic self-maps of the closed unit ball which are
sufficiently close to the identity may be `-adically interpolated.

Using Lemma 4.1.1, we will prove a uniform local version of the dynamical
Mordell-Lang conjecture. Let R = Λ[[x1, · · · , xn]], and let U(R) be the rigid generic
fiber of R; this is the open unit ball. If L is a p-adic field, an L-point of U(R) is a
continuous ring homomorphism R→ L. For 1 ≥ c > 0 a positive real number, let
Uc(R) ⊂ U(R) be the closed ball of radius `−c around any Λ[1/p]-point of U(R).
Note that Uc(R) is independent of the choice of Λ[1/p]-point, by the ultrametric
inequality. In particular, if

ϕ : Λ[[x1, · · · , xN ]]
∼→ Λ[[x1, · · · , xN ]]

is a continuous automorphism, then ϕ restricts to an automorphism of Uc(R) for all
c. An L-point z : R → L of U(R) lands in Uc(R) if |z(xi)|` ≤ `−c for all i. Each
Uc(R) is an affinoid subdomain of U(R).

If I ⊂ OC`
[[x1, · · · , xN ]] is an ideal, we let V (I ) ⊂ U(R) be the set

V (I ) := {z | z(I ) = {0}}.

We call a set which arises this way a closed analytic subset of U(R). The dynamical
Mordell-Lang conjecture asks for a characterization of the set of m ∈ Z≥0 such that
ϕm(z) ⊂ V (I ), where ϕ is an analytic automorphism of U(R) and z ∈ U(R) and
I — it asserts that this set is semilinear.

Definition 4.1.2 (Semilinear sets). A set A ⊂ Z≥0 is semilinear with period M if
it is the union of a finite set with finitely many residue classes modulo M . That is,
it is a union

S ∪ {ai + jM | ai ⊂ T, j ∈ Z≥0}
where S ⊂ Z≥0 is finite and T ⊂ {0, 1, · · · ,M − 1}.
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Lemma 4.1.3 (Uniform local dynamical Mordell-Lang conjecture). Let c ∈ R be a
real number with 1 > c > 0. Then there exists M = M(c, `r, N) with the following
property: if

ϕ : R = Λ[[x1, · · · , xN ]]
∼→ Λ[[x1, · · · , xN ]]

is a continuous automorphism, z ∈ Uc(R), and I ⊂ OC`
[[x1, · · · , xN ]] is a proper

ideal, then the set
{m ∈ Z≥0 | ϕm(z) ∈ V (I )}

is semilinear with period M .

Proof. Let c′ be a rational number with c > c′ > 0, so that Uc′(R) contains Uc(R);
it suffices to prove the theorem with c replaced by c′. Choose a (possibly ramified)

finite extension Λ′ of Λ so that there exists $ ∈ Λ′ with |$|` = `−c
′
. There exists

M1 depending only on c′, N, `r such that ϕM1(0) = 0 mod $. Let

ϕ̃(x) =
1

$
ϕM1($ · x).

Note that ϕ̃ lies in Λ′〈x1, · · · , xN 〉. Then there exists M2 > 0 depending only on
c′, `r, N such that ϕ̃M2 satisfies the hypotheses of Lemma 4.1.1; let ϑ ∈ Λ′〈x1, · · · , xN , n〉
be such that ϑ(x,m) = ϕ̃m(x) for each m ∈ Z≥0, and let M = M1M2.

Let f ∈ I . Without loss of generality |f(0)|` ≤ `−c
′
, as otherwise V (I ) ∩

Uc′(R) = ∅; in particular, ϑ( 1
$f,m) converges for any m ∈ Λ′. We have

{m ∈ Z≥0 | ϕm(z) ∈ V (f)} = {m ∈ Z≥0 | z ◦ ϕm(f) = 0}

=

M−1⋃
j=0

{j +Mm ∈ Z≥0 | z ◦ ϕj+Mm(f) = 0,m ∈ Z≥0}

= {j +Mm ∈ Z≥0 | z ◦ ϕj ◦ ($ · ϑ(
1

$
· f,m)) = 0,m ∈ Z≥0}.

But the functions m 7→ z ◦ϕj ◦ ($ · ϑ( 1
$ · f,m)), j = 0, · · ·M − 1 are `-adic analytic

in m; hence they either have finitely many zeroes in Z≥0 or are identically zero.
Thus for each f ∈ I , the set of m ∈ Z≥0 such that ϕm(z) ∈ V (f) is semilinear

with period M . We have

{m ∈ Z≥0 | ϕm(z) ∈ V (I )} =
⋂
f∈I

{m ∈ Z≥0 | ϕm(z) ∈ V (f)}.

But an arbitrary intersection of sets which are semilinear with period M is semilinear
with period M , from which we may conclude the result. �

Remark 4.1.4. Note that the constant M of Lemma 4.1.3 is independent of ϕ.

Corollary 4.1.5. Let R be a local Noetherian Λ-algebra. Then for any affinoid
subdomain U of the rigid generic fiber of R, there exists an integer M = M(U) such

that: If ϕ : R
∼→ R is an automorphism so that U is ϕ-stable, any ϕ-periodic point

z of U satisfies ϕM (z) = z.

Proof. Write R = S/J , where S = Λ[[x1, · · · , xN ]] and J ⊂ S is an ideal, so
the rigid generic fiber of R is a closed analytic subset of the open unit ball. We
may lift ϕ to an automorphism ϕ̃ of Λ[[x1, · · · , xN ]]. Now by quasicompactness of
affinoids, U is contained in Uc(S) for some c with 1 ≥ c > 0. Now let z : R→ L be
a ϕ-periodic point of U ; it is a ϕ̃-periodic point of Uc(S). Let I ⊂ S be the ideal

cutting out z, i.e. I = ker(S → R
z→ L). Now the result follows from Lemma 4.1.3,
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applied to z,I ; note that the integer M coming from Lemma 4.1.3 only depends
on U , and not on ϕ, z, etc. �

Corollary 4.1.6. Let X be a smooth, geometrically connected curve over a finite
field k of characteristic p, and let ` be a prime different from p; let Frob ∈ Gk be
the Frobenius element. Let

ρ̄ : πét
1 (Xk̄, x̄)→ GLn(F`r )

be a continuous representation such that ρ̄Frob ' ρ̄, so Frob acts on Eρ̄. Then for
any c with 1 ≥ c > 0, there exists M ∈ Z>0 such that any Frob-periodic point of
Eρ̄,c is fixed by FrobM .

Proof. By the assumption that ρ̄Frob ' ρ̄, Frob acts on A(det ◦ρ̄); now we are in
precisely the situation of Corollary 4.1.5. �

Remark 4.1.7. Unwinding the proof, we used Lemma 4.1.1 to interpolate the action
of the powers of Frob on A(ρ̄). We knew a priori that there was a continuous
interpolation (coming from the action of Gk on A(ρ̄)) — the input of Lemma 4.1.1
is required to see that this action is locally analytic.

4.2. Finiteness. We now prove Theorem 1.1.3 and Corollary 1.1.5.

Proof of Theorem 1.1.3. The proof proceeds by reduction to the case where k is a
finite field.

Step 1. We first prove the theorem under the assumption that k is finite. Let

ρ̄ : πét
1 (Xk̄, x̄)→ GLn(F`r )

be a residual representation as in the statement of the theorem; let A(ρ̄) be the
deformation ring of the pseudorepresentation corresponding to ρ̄, defined in Section
2. Let Eρ̄,c be the affinoid of the rigid generic fiber of A(ρ̄), also defined in Section 2.
After extending k, we have that Gk acts on A(ρ̄) and Eρ̄,c; arithmetic representations
correspond to Gk-periodic C`-points of Eρ̄,c (after Theorem 3.2.3, we may assume

they are Q`-points). It suffices to show that there are finitely many such points of
Eρ̄,c.

But we are in the situation of Corollary 4.1.6 — there exists M such that any
Gk-periodic point of Eρ̄,c is fixed by FrobM . Consider the set of all FrobM -fixed
points; this is an analytic subset of Eρ̄,c. By the Weierstrass preparation theorem,
if it is infinite, it is in fact a positive-dimensional rigid space. Hence it contains a
C`-point not defined over Q`. But such a point would be the pseudorepresentation
associated to a semisimple arithmetic representation (by [Tay91, Theorem 1]) over
C`, not defined over Q`, contradicting Theorem 3.2.3.

Step 2. We now reduce to the case of finite fields. Let X ′ be the finite étale cover
of Xk̄ defined by ker(ρ̄) ⊂ π1(Xk̄, x̄). After replacing k with a finite extension, we
may assume that X ′ and the finite étale map X ′ → Xk̄ are in fact defined over k. Let
x̄′ be a geometric point of X ′ lying over x̄. It suffices to prove the theorem with X
replaced by X ′ and ρ̄ replaced with the trivial representation. Indeed, any semisimple

representation ρ of πét
1 (Xk̄, x̄) is a subquotient of Ind

πét
1 (Xk̄,x̄)

πét
1 (X′

k̄
,x̄′)

(ρ|πét
1 (X′

k̄
,x̄′)). There

are finitely many such subquotients. So we rename X ′ as X and assume ρ̄ is trivial.
Now let X be the unique smooth geometrically connected curve containing X, and

let D = X \X; after extending k we may assume D = {x1, · · · , xi} where the xi are
rational points of X; after a further extension, we may assume the geometric point
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x̄ of X comes from a k-rational point x of X. There exists an algebra R ⊂ k, finitely
generated over Z, and a smooth curve X /R with disjoint R-points ξ0, ξ1, · · · , ξi
so that (X , ξ0, ξ1, · · · , ξi)k ' (X,x, x1, · · · , xi). For any closed point z ∈ Spec(R)
with char(κ(z)) 6= `, the specialization map

π`1(Xk̄, x̄)→ π`1((X \ {ξ1, · · · , ξi})κ(z)
, (ξ0)

κ(z)
) (4.2.1)

is an isomorphism, where π`1 denotes the pro-` completion of πét
1 (see [LO10, The-

orem A.10], for example). Choose such a z, let κ(z) be an algebraic closure

of κ(z), z̄ ∈ Spec(S)(κ(z)) the asssociated geometric point of Spec(S), and let
F ∈ πét

1 (Spec(S), z̄) be the Frobenius element.
Now we claim that any arithmetic representation ρ of πét

1 (Xk̄, x̄) which is residually
trivial (and hence factors through π`1(Xk̄, x̄)) gives an arithmetic representation of

ρ̃ : πét
1 ((X \{ξ1, · · · , ξi})κ(z)

, (ξ0)
κ(z)

), via the isomorphism 4.2.1. Indeed, it suffices

to show that there exists M such that ρ̃F
M ' ρ̃. But the action of Gk on ρ factors

through its action on π`1(Xk̄, x̄) and hence through πét
1 (Spec(S)); by arithmeticity,

there is a finite index subgroup of πét
1 (Spec(S)) fixing ρ. Thus FM fixes ρ and hence

ρ̃.
Thus we may replace k with κ(z) and X with X \ {ξ1, · · · , ξi}; as κ(z) is finite,

we have reduced to the case of finite fields, which was proven in Step 1. �

We now deduce Corollary 1.1.5.

Proof of Corollary 1.1.5. We first prove the statements about semisimple arithmetic
representations.

Let L be a finite extension of Q`, as in the statement, with valuation ring
OL, maximal ideal mL, and residue field F`r . There are finitely many continuous
representations

πét
1 (Xk̄, x̄)→ GLn(F`r ),

(resp. πtame
1 (Xk̄, x̄)→ GLn(F`r ) in characteristic p > 0) as πét

1 (Xk̄, x̄) (resp. πtame
1 (Xk̄, x̄))

is topologically finitely-generated. Given this, (2) and (3) follow from (1). So we
fix ρ̄ as in the statement; we wish to show that there are finitely many semisimple
arithmetic GLn(L)-valued representations ρ with Tr(ρ) ≡ Tr(ρ̄) mod mL.

Let c ∈ R be such that 0 < c < v`(x) for any x ∈ mL; such a c exists because L is
discretely valued. Now any arithmetic representation ρ admits a πét

1 (Xk̄, x̄)-stable
OL-lattice M ; let ρ̄M = M/mLM . By our choice of c, we have

Tr(ρ) ≡ Tr(ρ̄) mod `c.

Hence there are only finitely many possibilities for ρ, by Theorem 1.1.3.
We now deduce the required statements for representations which arise from geom-

etry. But such representations are arithmetic by Proposition 3.1.6, and semisimple
by [Del80, Corollaire 3.4.13]. �

5. An analogue of the Frey-Mazur conjecture

We now begin preparations for the proof of Theorem 1.1.10.
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5.1. Weight filtrations on deformation rings. Let C be a smooth, affine, geo-
metrically connected curve over a finitely generated field k of characteristic 0, and
let c be a rational point of C; choosing an algebraic closure of k, c gives rise to a
geometric point c̄. Let C be the unique smooth, proper, geometrically connected
k-curve containing C as an open subscheme. Let

ρ : πét
1 (Ck̄, c̄)→ GLn(Q`)

be an arithmetic representation of πét
1 (Ck̄, c̄). The Leray spectral sequence for the

inclusion
j : C ↪→ C

gives an exact sequence

0→ H1(C k̄,ét, j∗ρ)→ H1(Ck̄,ét, ρ)→ H0(C k̄,ét, R
1j∗ρ)→ H2(C k̄,ét, j∗ρ) (5.1.1)

where we here identify ρ with the associated lisse `-adic sheaf.

Definition 5.1.2. The weight filtration on H1(Ck̄,ét, ρ) is defined by

W iH1(Ck̄,ét, ρ) = 0 for i ≤ 0

W 1H1(Ck̄,ét, ρ) = H1(C k̄,ét, j∗ρ)

W iH1(Ck̄,ét, ρ) = H1(Ck̄,ét, ρ) for i ≥ 2.

By [Del80, Théorème 2], this agrees with the usual, geometrically-defined weight
filtration on H1(Ck̄,ét, ρ) if ρ arises from geometry and is pure of weight zero.

Now suppose ρ is irreducible, and let Sρ be its deformation ring. Note that
for two given basepoints c̄, c̄′ of C, the associate deformation rings are canonically
isomorphic, so we do not include c̄ in the notation. Let

ρuniv : πét
1 (Ck̄, c̄)→ GLn(Sρ)

be the universal deformation of ρ.
Because C is an affine curve,

Sρ ' Q`[[x1, · · · , xN ]]

non-canonically, where N = dimH1(Ck̄,ét, ρ⊗ ρ∨). Let mρ be the maximal ideal of
Sρ. We have

mρ/m
2
ρ ' H1(Ck̄,ét, ρ⊗ ρ∨)∨

canonically; let W i(mρ/m
2
ρ) be the dual filtration to the filtration given in Definition

5.1.2.

Definition 5.1.3 (Weight filtration on Sρ). Let

W iSρ = Sρ for i ≥ 0,

W−1Sρ = mρ

W−2Sρ = m2
ρ +W−2(mρ/m

2
ρ)

and
W−mSρ =

∑
i+j=m

(W−iSρ) · (W−jSρ) for m > 2.

Remark 5.1.4. If C is proper, W−i = miρ for i ≥ 0. In general, it is immediate from
the definition that

W−2i ⊂ miρ ⊂W−i

for i ≥ 0.



ARITHMETIC REPRESENTATIONS OF FUNDAMENTAL GROUPS II: FINITENESS 19

Replace k with a finite extension so that Gk acts on Sρ. The goal of this section
is to construct, for α ∈ Z×` sufficiently close to 1, an element σα ∈ Gk such that

σα acts on gr−iW Sρ via the scalar αi. We first prove the analogous statement for
H1(Ck̄,ét, ρ⊗ ρ∨), where ρ is irreducible and arises from geometry.

So we assume ρ is irreducible and arises from geometry. Note that, as ρ is
irreducible, there exists (after replacing k with a finite extension) a representation

ρ̃ : πét
1 (Ck, c̄)→ GLn(Q`)

such that ρ̃|πét
1 (Ck̄,c̄)

' ρ, and such that the representation ρG of Gk given by

restricting ρ̃ to the decomposition group at c is de Rham at primes above `, and
unramified almost everywhere. Moreover, the irreducibility of ρ implies that ρG⊗ρ∨G
is independent of the choice of ρ′; in particular, Gk acts canonically on H1(Ck̄, ρ⊗ρ∨),
and as ρ⊗ ρ∨ is pure of weight zero, Weil II [Del80] implies H1(Ck̄, ρ⊗ ρ∨) is mixed
with weights in {1, 2}, with the weight filtration given as in Definition 5.1.2.

Lemma 5.1.5. Let

ρ : πét
1 (Ck̄, c̄)→ GLn(Q`)

be an irreducible representation which arises from geometry. Then for α ∈ Z×`
sufficiently close to 1, there exists σα ∈ Gk such that σα acts on gr1

W H1(Ck̄, ρ⊗ ρ∨)
via α · Id, and on

(gr2
W H1(Ck̄, ρ⊗ ρ∨))⊕H0(C k̄,ét, R

1j∗(ρ⊗ ρ∨))

via α2 · Id .

Proof. This is similar to [Lit18, Lemma 2.10], [Hin88, Lemme 12], or [Bog80a,
Theorem 3], with some mild additional complications arising from the fact that
we do not assume ρ arises from the monodromy action on the Tate module of an
Abelian C-scheme. For simplicity of notation, we set

V = H1(Ck̄, ρ⊗ ρ∨)⊕H0(C k̄,ét, R
1j∗ρ),

and we let

γ : Gk → GL(V )

be the Galois representation we are studying. We assume k is a number field; the
general case follows by the argument of [Ser13, Letter to Ribet of 1/1/1981, §1]. The
weight filtration on V is inherited from that of H1(Ck̄, ρ⊗ ρ∨); H0(C k̄,ét, R

1j∗ρ) is
pure of weight 2.

Step 1. We first show that for any α ∈ Q×` , the Zariski-closure of im(γ) contains
elements σα acting as required. Let F ∈ Gk be a Frobenius element acting on griW (V )

with weight i; let Z ⊂ im(γ) be the identity component of Zariski-closure of {Fn}n∈Z.
Z is a commutative, connected, algebraic group over a field of characteristic zero,
and hence Z ' T × U canonically, where T is a torus and U is unipotent. After
replacing F with a power, we may assume it lies in Z. In particular F admits a
unique decomposition F = FsFu, where Fs ∈ T is semisimple and Fu ∈ U ; Fs and
F have the same eigenvalues. Choose a basis of eigenvectors {ei}i=1,··· ,dim(V ) for Fs,
with eigenvalues {λi}, and let D ⊂ GL(V ) be the diagonal torus for this basis. Let
I1 ⊂ {1, · · · ,dim(V )} be the set of indices i such that λi has weight 1, and I2 the
set of indices i such that λi has weight 2. The inclusion T ↪→ D induces a surjection
on cocharacter lattices X(D) � X(T ) with kernel K; T is precisely the subtorus of
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D cut out by the characters in K. If we identify D with ZdimV via the choice of
basis {ei}, K consists of the vectors a = (a1, · · · , adimV ) such that∏

i

λaii = 1.

But if a ∈ K, ∏
i

|λi|ai = 1,

where | · | denotes any Archimedean absolute value on Q, by the multiplicativity of
absolute value. In other words,∏

i∈I1

qai/2 ·
∏
j∈I2

qaj = 1,

where q is the size of the residue field of the prime corresponding to F , and hence∑
i∈I1

ai + 2
∑
j∈I2

aj = 0.

Hence if V = gr1
W (V )⊕ gr2

W (V ) is the unique Fs-equivariant splitting, we have
that

α · Idgr1
W (V )

⊕
α2 · Idgr2

W (V ) ∈ T,

as desired.
Step 2. Let ρ̃ : πét

1 (Ck, c̄) → GLn(Q`) be an extension of ρ to the arithmetic
fundamental group, as in the discussion before the statement of the lemma; then ρ̃
is defined over L for some L/Q` finite. We abuse notation and write

ρ̃ : πét
1 (Ck, c̄)→ GLn(L)

for some choice of descent of our original repesentation to a model over L. Let VL
be the descent of V to L obtained from ρ̃, and let

γ̃ : Gk → GL(VL)

be the associated Galois representation.
Let

γ′ = WL/Q`
γ̃

be the representation obtained by Weil restriction of γ̃ to Q`.
We wish to show that the image of γ′ is open in the Z`-points of its Zariski-closure;

by Step 1, this suffices. By [Bog80b, Théorème 1], it is enough to check that γ′

is Hodge-Tate at primes above `. But for any prime v above `, the lisse sheaf
associated to ρ̃⊗ ρ̃∨ is a de Rham local system on Ckv in the sense of [LZ17], and
hence its cohomology group

H1(Ck̄, ρ̃⊗ ρ̃∨)

is de Rham by [DLLZ18, Theorem 1.1], for example.
Moreover, we claim that H0(C k̄,ét, R

1j∗ρ) is de Rham. This is a local computation

at each point of C \ C; after replacing the local ring at each point by a ramified
extension, we may assume ρ comes from the cohomology of a semistable C-scheme
and conlcude by e.g. the weight spectral sequence for this semistable scheme.
(Alternately, this can be deduced from [DLLZ18, Lemma 5.57].) Hence it is Hodge-
Tate, which completes the proof. �



ARITHMETIC REPRESENTATIONS OF FUNDAMENTAL GROUPS II: FINITENESS 21

Remark 5.1.6. This lemma is the only place in the proof of Theorem 1.1.10 in
which the geomtricity of ρ is used. In fact, the weaker condition that ρ extends
to a local system on C which is geometric in the sense of Fontaine-Mazur suffices

— see e.g. the conjecture on page 2 of [LZ17] for a discussion of this notion.
In this case one may deduce the desired p-adic Hodge-theoretic properties for
H1(Ck̄, ρ⊗ ρ∨), H0(C k̄, R

1j∗(ρ⊗ ρ∨)) for such ρ from [DLLZ18, Theorem 1.1 and
Lemma 5.57], for example.

The set of α for which the desired σα exist is an important invariant of the
representation ρ, which we record in the following definition.

Definition 5.1.7 (Index of homothety). Let ρ be as in Lemma 5.1.5. Let Z ⊂ Z×`
be the set of α for which there exists σα satisfying the conclusions of Lemma 5.1.5.
Then the index of homothety of ρ, denoted c(ρ), is the index of Z in Z×` . By Lemma

5.1.5, Z is open in Z×` , so c(ρ) is finite.

We now give the analogous statement for Sρ.

Theorem 5.1.8. Let
ρ : πét

1 (Ck̄, c̄)→ GLn(Q`)
be an irreducible representation which arises from geometry. Then for α ∈ Z×`
sufficiently close to 1, there exists σα ∈ Gk such that σα acts on griW Sρ via αi · Id.

Before giving the proof, we need to analyze the contribution of the inertia
subgroups of πét

1 (Ck̄, c̄) to the geometry of Sρ.

Recall that C is the smooth curve compactifying C. Let D = C \ C, and pass to
a finite extension of k so that D = {x1, · · · , xn} for rational points xi ∈ C(k). For
i = 1, · · · , n, let Ri be the local ring of C at xi; by the Cohen structure theorem,
each Ri ' k[[t]]. Let Ri be the completion of Ri ⊗ k at its maximal ideal, and let
zi = Spec(Frac(Ri)). Let

ηi : zi → Ck̄
be the natural inclusion. A local computation shows that

H0(C k̄, R
1j∗(ρ⊗ ρ∨)) '

⊕
i

H1(zi, η
∗
i (ρ⊗ ρ∨)),

and that under this identification, the map

H1(Ck̄, ρ⊗ ρ∨)→ H0(C k̄, R
1j∗(ρ⊗ ρ∨) '

⊕
i

H1(zi, η
∗
i (ρ⊗ ρ∨)) (5.1.9)

is given by ⊕iη∗i .
Let Ki be an algebraic closure of Ki := Frac(Ri), and let z̄i be the geometric

point of C associated to zi by this choice. The inclusion ηi : zi → Ck̄ induces a

galois-equivariant inclusion γi : Ẑ(1) ' Gal(Ki/Ki) ↪→ πét
1 (Ck̄, z̄i). Let ρi = ρ◦γi be

the restriction of ρ to Gal(Ki/Ki). (Here we view ρ as a representation of πét
1 (Ck̄, z̄i)

rather than πét
1 (Ck̄, c̄) via a change-of-basepoint isomorphism, well-defined up to

conjugacy. Recall from before that for any two choices of basepoint, the resulting
deformation rings Sρ are canonically isomorphic, so this indeterminacy will not
affect our later constructions.)

Let Si be a hull for the deformation functor Dρi for ρi (that is, the functor which

associates to an Artinian Q`-algebra A the set of isomorphism classes of representa-
tions Gal(Ki/Ki)→ GLn(A) lifting ρi). As Ki has cohomological dimension 1, Si
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is a smooth complete local Noetherian Q`-algebra, with

mi/m
2
i ' H1(zi, η

∗
i (ρ⊗ ρ∨))∨

canonically, where mi is the maximal ideal of Si.
The map γi gives a Sρ-point of Dρi ; we may choose a lift to Si, giving a map

γ∗i : Si → Sρ for each i. We must deal with some subtle issues coming from the
non-canonicity of this choice.

Lemma 5.1.10. Suppose |D| ≥ 2. Then

(1) the natural transformation Dρ → Dρi is an epimorphism,
(2) any lift of this map to a map γ∗i : Si → Sρ is injective,
(3) its image is stable under the action of Gk, and
(4) the induced Gk-action on Si lifts its action on Dρi .

Proof. We first prove (1). It is enough to show that for each Artin Q`-algebra A,
the map Dρ → Dρi is surjective. Let

ρ̃i : Gal(Ki/Ki)→ GLn(A)

be an A-point of Dρi . We wish to lift it to an A-point of Dρ.
Recall that if C has genus g, then

πét
1 (Ck̄, z̄i) ' 〈a1, b1, · · · , ag, bg, λ1, · · · , λ|D|

∣∣ g∏
i=1

[ai, bi] ·
|D|∏
j=1

λj 〉̂,

where without loss of generality, Gal(Ki/Ki) ⊂ πét
1 (Ck̄, z̄i) is topologically generated

by λ1. We wish to find a representation ρ̃ of πét
1 (Ck̄, z̄i) into GLn(A), lifting ρ,

where the value of λ1 is specified, say ρ̃(λ1) = M . But we may choose arbitrary

lifts of ρ(a1), ρ(b1), · · · , ρ(ag), ρ(bg), set ρ̃(λ1) = M, choose (̃ρ(λi)) arbitrary lifts of
ρ(λi) for i = 2, · · · , |D| − 1, and set

ρ̃(λ|D|) =

 g∏
i=1

[ρ̃(ai), ρ̃(bi)] ·
|D|−1∏
j=1

ρ̃(λj)

−1

.

We now prove (2). Si, Sρ are both power series rings over Q`, since Gal(Ki/Ki), π
ét
1 (Ck̄, z̄i)

have cohomological dimension 1. So it is enough to show that the induced map
mi/m

2
i → mρ/m

2
ρ is injective. But this follows by applying (1) to the map

Dρ(Q`[ε]/ε2)→ Dρi(Q`[ε]/ε2).

We now prove (3). The image of γ∗i is generated by the matrix entries of
ρuniv(im(γi)). But Gk preserves im(γi) by our choice of basepoint. Hence the image
is stable under the Gk-action, as desired. Hence we have a Gk-action on Si so that
γ∗i is Gk-equivariant, by the injectivity of γ∗i .

Finally, we prove (4). For σ ∈ Gk, we wish to show that the diagram

Si
σ //

��

Si

��
Dρi

σ // Dρi
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commutes, where σ acts as described in the previous paragraph. But this follows
from the fact that the diagram

Dρ
σ //

��

Dρ

��
Dρi

σ // Dρi

commutes, and the fact that

Dρ
γ∗i→ Hom(Si,−)

is an epimorphism, by (2). �

Proof of Theorem 5.1.8. It suffices to prove the theorem after deleting several closed
points of C, so we may assume that |Dk̄| ≥ 2, where D = C \ C.

From Lemma 5.1.5, we know that for α ∈ Z×` sufficiently close to 1, there exists
σα ∈ Gk acting on

griW mρ/m
2
ρ = griW H1(Ck̄, ρ⊗ ρ∨)∨

via αi · Id. We claim that such a σα also acts on griW Sρ in the desired manner.
Step 1. We first claim that it suffices to show that the exact sequence

0→ m2
ρ/m

3
ρ → mρ/m

3
ρ → mρ/m

2
ρ → 0 (5.1.11)

splits σα-equivariantly. Indeed, multiplication gives an isomorphism

Symi(mρ/m
2
ρ)→ miρ/m

i+1
ρ ,

so the eigenvalues of the σα action on miρ/m
i+1
ρ are contained in {αi, · · · , α2i}. Thus

(by the completeness of Sρ), mρ → mρ/m
2
ρ splits σα-equivariantly if and only if

sequence (5.1.11) does, because neither α nor α2 appears as a generalized eigenvalue
for the σα-action on m3

ρ. Such a splitting induces a σα-equivariant isomorphism

Sym∗(mρ/m
2
ρ)
∼→ Sρ,

which respects the weight filtrations, where the weight filtration on Sym∗(mρ/m
2
ρ)

is induced from the filtration on mρ/m
2
ρ, by the multiplicativity of the weight

filtration. The element σα ∈ Gk clearly acts on Sym∗(mρ/m
2
ρ) as desired (again by

multiplicativity), so we are done.
Step 2. We now show the sequence (5.1.11) does indeed split σα-equivariantly.

Write

mρ/m
2
ρ = V1 ⊕ V2,

where Vi is the αi-eigenspace of σα. The σα-action on m2
ρ/m

3
ρ has eigenvalues in

{α2, α3, α4}, so the projection

mρ/m
3
ρ → mρ/m

2
ρ → V1

splits σα-equivariantly. Thus it suffices to show that the projection

mρ/m
3
ρ → mρ/m

2
ρ → V2

splits σα-equivariantly.
We first give an explicit description of the subspace V2 ⊂ mρ/m

2
ρ. Recall that

mρ/m
2
ρ ' H1(Ck̄, ρ ⊗ ρ∨)∨ canonically. As before, let C be the unique smooth,
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geometrically connected, proper curve containing C, and j : C ↪→ C the natural
inclusion. By sequence (5.1.1), V2 is the image of the dual of the natural map

H1(Ck̄, ρ⊗ ρ∨)→ H0(C k̄, R
1j∗(ρ⊗ ρ∨))

(the second map in sequence (5.1.1)). Recall that this map is described in line
(5.1.9), i.e. it is given by ⊕iη∗i , where we identify

H0(C k̄, R
1j∗(ρ⊗ ρ∨) '

⊕
i

H1(zi, η
∗
i (ρ⊗ ρ∨))

and

η∗i : H1(Ck̄, ρ⊗ ρ∨)→ H1(zi, η
∗
i (ρ⊗ ρ∨))

is induced by the inclusion

ηi : zi → Ck̄.

Now let Si,mi be as in Lemma 5.1.10. The map mi/m
2
i → mρ/m

2
ρ induced by γi

is dual to η∗i , so ⊕
i

η∗∨i :
⊕
i

mi/mi
2 → V2

is surjective. Thus it suffices to lift this map to a σα-equivariant map⊕
i

mi/mi
2 → Sρ.

By Lemma 5.1.10, we have a Galois-equivariant map

γ∗i : Si → Sρ,

equivariantly lifting the map Dρ → Dρi . The element σα ∈ Gk acts on mri /m
r+1
i

via α2i · Id, so the decomposition of Si into σα-eigenspaces gives an isomorphism

Si '
∏
r≥0

mri /m
r+1
i .

Let pi : mi/m
2
i → Sρ the map induced by this decomposition.

Then the map ⊕
i

pi :
⊕
i

mi/m
2
i → mρ → Sρ

is the desired lift of
⊕

i η
∗∨
i , completing the proof. �

Remark 5.1.12. We could have split the short exact sequence (5.1.11) directly,
giving a slightly more explicit proof of Theorem 5.1.8. If we let ιi ∈ Gal(Ki/K)

be a generator, it is not hard to see that σα(ιi) = ια
2

i . We have that ρ(ιi) is
quasi-unipotent by the geometricity of ρ; let N be an integer such that ρ(ιi)

N is
unipotent, so that log(ρuniv(ιNi )) converges. Then σα acts on the matrix entries
of log(ρuniv(ιNi )) via multiplication by α2, and one may check directly that as one
varies over all i, the span of these matrix entries surjects onto V2 ⊂ mρ/m

2
ρ, providing

the desired σα-equivariant splitting. The proof above, though morally the same, is
slightly more efficient, as Lemma 5.1.10 saves us from checking that an unreasonable
number of diagrams commute.
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5.2. The integral analysis. In the previous section, we constructed natural ele-
ments σα ∈ Gk whose action on the deformation ring of an irreducible arithmetic
Q`-representation we understand well. We now consider a geometrically irreducible
representation

ρ̄ : πét
1 (Ck̄, c̄)→ GLn(F`r ),

and we use the results of the previous section to analyze the action of σα on Rρ̄,
assuming ρ̄ admits a lift which arises from geometry.

Lemma 5.2.1. Let V be a finite free Z`-module, and T : V → V an endomorphism.
Let W ⊂ V be a T -stable submodule with W,V/W free Z`-modules. Suppose that
T |W = α · Id, and that T acts on V/W via β · Id, where α, β ∈ Z`, α 6= β. Let
v ∈ V ⊗Q` be such that

(1) Tv = βv, and
(2) v ∈ V + (W ⊗Q`).

Then (α− β) · v ∈ V.

Proof. Choose a Z`-basis {ei} of V such that e1, · · · , edimW are a Z`-basis of W .
Then v =

∑
aiei, where the ai ∈ Q`, and ai ∈ Z` for i > dimW . We have

Tei =

{
αei i ≤ dimW

βei +
∑dimW
j=1 bijej i > dimW

where the bij ∈ Z`. Now

β · v = Tv

=

dimW∑
i=1

αaiei +

dimV∑
i=dimW+1

βaiei +

dimW∑
j=1

bijej


=

dimW∑
i=1

(αai +

dimW∑
j=1

bji)ei +

dimV∑
i=dimW+1

βaiei

Equating coefficients for ei, we have for each i ≤ dimW ,

βai = αai +
dimW∑
j=1

bji.

Hence

ai =

∑dimW
j=1 bji

β − α
,

whence the result follows. �

Now if

ρ : πét
1 (Ck̄, c̄)→ GLn(Q`)

is a lift of ρ̄ (hence irreducible), the natural induced map Rρ̄ → Sρ exhibits Sρ
as the completion of Rρ̄⊗Q` at the maximal ideal corresponding to ρ. The map
Rρ̄ → Sρ gives Sρ a natural integral structure (namely the image of the induced

map Rρ̄⊗Z` → Sρ). We now apply the computation in Lemma 5.2.1 to estimate the
denominators required to write down eigenvectors for the σα-action on Sρ, relative
to this integral structure.
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Lemma 5.2.2. Let

ρ : π1(Ck̄, c̄)→ GLn(Z`)

be a continuous representation lifting ρ̄⊗ F`, such that ρ⊗Q` arises from geometry.
Let Sint

ρ ⊂ Sρ be the image of the induced map Rρ̄ ⊗ Z` → Sρ.
Let σα be as in Theorem 5.1.8. Let x ∈ Sρ be such that

(1) σα · x = αix, for i = 1 or i = 2, and
(2) x ∈ Sint

ρ +W−i−1.

Then for any r ≥ i,  r∏
j=i+1

(αi − αj)

 · x ∈ Sint
ρ +W−r−1.

(Here if r = i we take the product above to be the empty product, i.e. 1.)

Proof. This follows by induction on r from Lemma 5.2.1. The case r = i follows
from hypothesis (2) of the lemma. Now let r > i. Suppose the result holds for r− 1;
we now prove it for r. Let x̄ ∈ Sint

ρ be any element such that

x̄ =

 r−1∏
j=i+1

(αi − αj)

 · x mod W−r.

Set

V = (Sint
ρ ∩W−r + Z` · x̄)/(Sint

ρ ∩W−r−1),

W = (Sint
ρ ∩W−r)/(Sint

ρ ∩W−r−1),

and

v =

 r−1∏
j=i+1

(αi − αj)

 · x mod W−r−1.

Then the hypotheses of Lemma 5.2.1 are satisfied by the induction hypothesis, giving
the proof. �

Lemma 5.2.3. Let α ∈ Z×` be an `-adic unit which is not a root of unity. Let s be
the least positive integer such that αs = 1 mod `; let ε = 1 if ` = 2 and 0 otherwise.
Then

n∑
i=1

v`(1− αi) ≤ C(α) · n,

where

C(α) =
1

s

(
v`(α

s − 1) +
1

`− 1

)
+ ε.

Proof. This is Lemma 3.10 of [Lit18]. �
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5.3. The proof. We now give the proof of Theorem 1.1.10.

Proof of theorem 1.1.10. Let Eρ̄ be the rigid generic fiber of Rρ̄ (this agrees with
the notation of Section 2 by [Che14, Theorems B and F]); as C is an affine curve,
Eρ̄ is (non-canonically) analytically isometric to the open unit ball. Then ρ gives a

Q`-point zρ of Eρ̄; we may view zρ as a map

zρ : Rρ̄[1/`]→ Q`.

Let m ⊂ Rρ̄[1/`] be the kernel of this map, and let S′ρ be the completion of Rρ̄[1/`]

at m, so that Sρ ' S′ρ⊗̂Q`. Let m′ρ be the maximal ideal of S′ρ. Let L be the
residue field of S′ρ, so that S′ρ is non-canonically isomorphic to L[[x1, · · · , xm]]; let

Sint′

ρ = Rρ̄ ⊗W (F`r ) OL ⊂ S′ρ be the extension of scalars of Rρ̄ to OL, so that Sint′

ρ

is non-canonically isomorphic to OL[[x1, · · · , xm]], where {x1, · · · , xm} generate

m′ρ ∩ Sint′

ρ . Choose such an isomorphism. The rigid generic fiber of Sint′

ρ is the open
unit ball over L.

Choose α ∈ Z×` not a root of unity such that

(1) there exists σα ∈ Gk as in Theorem 5.1.8, and
(2) C(α) is minimal among all α satisfying (1).

(Here C(α) is defined as in Lemma 5.2.3.)
We claim that we may take N = N(c(ρ), `) to be any rational number greater

than 3C(α); note that this may be bounded from above purely in terms of ` and
c(ρ), as the notation suggests.

Let σα ∈ Gk be as in Theorem 5.1.8. For 1 ≥ r > 0, let Ur ⊂ Eρ̄ be the closed
ball of radius r around ρ — set-theoretically, this is the set

{ρ̃ ∈ Eρ̄
∣∣|Tr(ρ̃)− Tr(ρ)|` ≤ r}.

Note that U`−s is stable under the σα-action on Eρ̄. There is a unique πét
1 (Ck̄, c̄)-

lattice Vρ ⊂ ρ, up to homothety. By [Car94, Théorème 1], for s ∈ Q, U`−s is

the same as the set of ρ̃ admitting an πét
1 (Ck̄, c̄)-stable Z`-lattice Vρ̃ such that

Vρ̃/`
sVρ̃ ' Vρ/`sVρ.

Let OU`−s be the set of functions on U`−s . Explicitly, under our chosen isomor-

phism Sint′

ρ ' OL[[x1, · · · , xm]] and the induced isomorphism S′ρ ' L[[x1, · · · , xm]],
OU`−s ⊂ S′ρ is the subring{∑

aIx
I ∈ S′ρ | v`(aI) + |I| · s→∞

}
,

topologized via the Gauss norm (which makes it into a Tate algebra). (Here

I = (i1, · · · , im) is a multi-index with ij ≥ 0, xI = xi11 · · ·ximm , and |I| =
∑
j ij .)

Choose a basis of integral σα-eigenvectors of m′ρ/m
′
ρ

2
, and lift it to a set of

σα-eigenvectors {e1, · · · , em} of S′ρ. After a linear change of coordinates, we may
assume ei ≡ xi mod m′ρ. We claim that for s > 2C(α), we have e1, · · · , em ⊂ OU`−s .
Indeed, by Lemma 5.2.2, we have(

2r−1∏
i=1

(1− αi)

)
· ej ∈ Sint′

ρ +W−2r ⊂ Sint′

ρ + m′rρ ,

and hence if

ei =
∑

aI,ix
I ,
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we have

v`(aI,i) ≥ −
2|I|−1∑
i=1

v`(1− αi) ≥ −(2|I| − 1)C(α) (5.3.1)

by Lemma 5.2.3, whence the claim follows. By our choice of ei, the coefficient of xi

in the power series expression for ei is 1.
Now choose any s > 3C(α), and suppose that ρ̃ ∈ U`−s is arithmetic. We wish

to show that ρ̃ ' ρ. We may view ρ̃ as a map

zρ̃ : OU`−s → Q`,

where v`(zρ̃(xi)) ≥ s. By the arithmeticity of ρ̃, there exists an integer M such that

zρ̃ is equivariant for the natural σMα -action on OU`−s , and the trivial action on Q`.
In particular, for each i, we have zρ̃(ei) = 0. But we have

v`(aI,izρ̃(x
I)) = v`(aI,i) + v`(zρ̃(x

I)) ≥ −(2|I| − 1)C(α) + s · |I|.

For |I| ≥ 2, then, we have

v`(aI,izρ̃(x
I)) ≥ −(2|I| − 1)C(α) + s · |I|

= −(2|I| − 1)C(α) + s+ s(|I| − 1)

> −(2|I| − 1)C(α) + s+ 3C(α)(|I| − 1)

= s+ C(α)(|I| − 2)

≥ s.

Hence by the ultrametric inequality, zρ̃(ei) = 0 implies zρ̃(xi) = 0. Thus ker(zρ̃) =
ker(zρ), and hence ρ = ρ̃, as desired. �

Remark 5.3.2. From the proof, we see that we may take N to be any rational number
greater than 3C(α), where α ∈ Z×` is such that there exists σα as in Theorem 5.1.8
(or Lemma 5.1.5).

5.4. The case of representations with finite image. Finally, we prove Theorem
1.1.11. The proof is a slight variant of the main theorem of [Lit18], with additional
input from a result of Serre, of which we were unaware at the time of writing [Lit18].

Proof of Theorem 1.1.11. By passing to the cover of X defined by ker(πét
1 (Xk̄, x̄)→

G, we may assume ρ is trivial. Now the proof is essentially identical to that of
Theorem 1.2 of [Lit18]. While Remark 4.3 of [Lit18] indicates that the constant N
of that theorem depends on the index of the image of Gk → GL(H1(Xk̄,Z`) in the
Z`-points of its Zariski closure; in fact it depends only on the set of Z of α ∈ Z×`
such that there exists σα ∈ Gk such that σα acts on griW H1(Xk̄,Z`) via αi · Id.

By Remark 3.11 of [Lit18], it suffices to show that the index of Z in Z×` is bounded
independent of `. The case where X has genus zero is covered in [Lit18], so we
assume the genus of X is at least one.

Let X be the unique smooth proper geometrically connected k-curve containing
X, and let D = X \X. Replace k with a finite extension, so that D = {x1, · · · , xm}
for xi ∈ X(k).

Now we claim that Z contains the set of α ∈ Z×` so that there exists σ′α ∈ Gk
such that σ′α acts on gr1

W H1(Xk̄,Z`) via α · Id. Indeed, gr2
W H1(Xk̄,Z`) is a direct

sum of copies of the cyclotomic character, so by Poincaré duality, any such σ′α in
fact acts on gr2

W H1(Xk̄,Z`) as desired.
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But now the index of Z in Z×` is bounded independent of ` by a result of
Serre [Ser13, Lettre à Ken Ribet, p. 60], using that gr1

W H1(Xk̄,Z`) is dual to the

`-adic Tate module of the Jacobian of X. �

Remark 5.4.1. It is natural to conjecture that if ρ` is a compatible system of
irreducible lisse sheaves on a curve, c(ρ`) is bounded independent of `. More
precisely, fix p, q ∈ Z≥0. If k is a number field and f : X → Y is a smooth proper
morphism over k, let H` ⊂ Z×` be the set of α ∈ Z×` such that there exists σα ∈ Gk
with σα acting on griW Hp(Yk̄, R

qf∗Q`) via αi · id. We conjecture that the index of
H` ⊂ Z×` is bounded independent of `, and indeed that this index is equal to 1 for
almost all `.

Assuming the Tate conjecture, one may show this index is uniformly bounded
via the argument of [Win02, §2.3]. This gives, by the proof of Theorem 1.1.10,
a much stronger version of Theorem 1.1.10. It implies (on the Tate conjecture)
that if ρ` is a compatible system of `-adic representations arising from geometry
(i.e. the monodromy representation underlying Rqf∗Q` as above), then the constants
N(c(ρ`), `) of Theorem 1.1.10 tend to zero as `→∞.
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