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Motivation: Riemann Zeta Function

Consider the Riemann zeta function

ζ(s) =
∑
n⊆Z
ideal

1

ns
=
∏
p⊆Z
prime

1

1− p−s
<(s) > 1

Theorem
The completed zeta function Z (s) = π−

s
2 Γ( s2 )ζ(s) admits an

analytic continuation with a simple pole at s = 1 with residue 1,
and satisfies the functional equation

π−
s
2 Γ( s2 )ζ(s) = π−

1−s
2 Γ( 1−s

2 )ζ(1− s)

We want to understand the local factors ζ∞(s) = π−
s
2 Γ( s2 ) and

ζp(s) = 1
1−p−s as integrals over R and Qp.
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Fourier Theory over R

Let S(R) denote the space of Schartz functions on R: the
C-vector space of smooth functions f : R→ C such that
f (n) : R→ C has rapid decay for all n ≥ 0.
The field R is a locally compact Abelian group which is
Pontryagin self-dual, R̂ = R.

Definition
For f∞ ∈ S(R) define the Fourier transform

f̂∞(u) =

∫
R
f∞(x)χ∞,u(x)dx =

∫
R
f∞(x)e−2πiuxdx

Define the inverse Fourier transform

f∞(x) =

∫
R
f̂∞(u)χ∞,u(x)du =

∫
R
f̂∞(u)e2πiuxdu
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Fourier Theory over R

Example (Gaussian Function)

Let f∞(x) = e−cx
2

be the Gaussian function. Then

f̂∞(u) =

∫
R
f∞(x)χ∞,u(x)dx =

∫
R
e−cx

2
e−2πiuxdx

=

∫
R
e−cx

2
cos(2πux)dx − i

∫
R
e−cx

2
sin(2πux)dx

=

∫
R
e−cx

2
cos(2πux)dx =

√
π
c e
−π

2u2

c

Hence the Gaussian function f∞(x) = e−πx
2

is Fourier self-dual,
f̂∞ = f∞.



Fourier Theory over R

Fix the Haar measure d×x on R×. We have d×x = dx
|x | .

Example

(Local factor ζ∞(s) = π−
s
2 Γ( s2 )) Let f∞(x) = e−πx

2
be the

Gaussian function. Then f̂∞ = f∞, and we have

Zf∞(s) =

∫
R×
|x |s f∞(x)d×x =

∫
R
|x |s−1f∞(x)dx = π−

s
2 Γ( s2 )

For this use the integral definition of the Gamma function

Γ(s) =

∫ ∞
0

x s−1e−xdx

so indeed Zf∞(s) = ζ∞(s).



Fourier Theory over R

Fix the Haar measure d×x on R×. We have d×x = dx
|x | .

Example

(Local factor ζ∞(s) = π−
s
2 Γ( s2 )) Let f∞(x) = e−πx

2
be the

Gaussian function. Then f̂∞ = f∞, and we have

Zf∞(s) =

∫
R×
|x |s f∞(x)d×x =

∫
R
|x |s−1f∞(x)dx = π−

s
2 Γ( s2 )

For this use the integral definition of the Gamma function

Γ(s) =

∫ ∞
0

x s−1e−xdx

so indeed Zf∞(s) = ζ∞(s).



Fourier Theory over R

Example (Bessel Function)

Consider the modified Bessel functions

Is(x) =
∑
n≥0

1

n!Γ(n + s + 1)

(x
2

)2n+s
Ks(x) =

π

2

I−s(x)− Is(x)

sin(sx)

Is(x) and Ks(x) are the two linearly independent solutions to the
modified Bessel equation

x2d
2fs
dx2

+ x
dfs
dx
− (x2 + s2)fs = 0

The modified Bessel function Ks(x) can be written as an inverse
Fourier transform of ||(1, u)||−2s = (1 + u2)−s by∫

R
(1 + u2)−se−2πiuxdu =

2πs

Γ(s)
|x |s−

1
2Ks− 1

2
(2π|x |)



Integration over Qp

Fix a Haar measure dx on Qp normalized so that
∫
Zp

dx = 1. We

use the decompositions Zp =
∐

0≤k≤p−1 Zk where

Zk = {x ∈ Zp | x = k + O(p)}, and Zp =
∐

k≥0 p
kZ×p .

Example

∫
Z×p

dx =
p − 1

p

For this use Zp =
∐

0≤k≤p−1 Zk so∫
Z×p

dx =
∑

1≤k≤p−1

∫
Zk

dx =
∑

1≤k≤p−1

1

p
=

p − 1

p
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Integration over Qp

Example

∫
Zp

|x |spdx =
p − 1

p

1

1− p−s−1
<(s) > −1

For this use Zp =
∐

k≥0 p
kZ×p and change variables x = pku so∫

Zp

|x |spdx =
∑
k≥0

∫
pkZ×p

|x |spdx =
∑
k≥0

p−ks
∫
pkZ×p

dx

=
∑
k≥0

p−ks
∫
Z×p

p−kdu =
p − 1

p

∑
k≥0

p−k(s+1) =
p − 1

p

1

1− p−s−1

which converges for <(s) > −1.
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Integration over Qp

Example

∫
Qp−Zp

|x |spdx =
p − 1

p

ps+1

1− ps+1
<(s) < −1

For this we use Qp − Zp =
∐

k≥1 p
−kZ×p so∫

Qp−Zp

|x |spdx =
∑
k≥1

pks
∫
p−kZ×p

dx =
∑
k≥1

pk(s+1)

∫
Z×p

dx

=
p − 1

p

∑
k≥1

pk(s+1) =
p − 1

p

ps+1

1− ps+1

which converges for <(s) < −1. Note that the same integral
over Qp does not exist!
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Integration over Qp

For x ∈ Qp let [x ]p denote the fractional part of x , that is

[xkp
k + . . .+ x−1p

−1 + x0p
0 + x1p

1 + . . .]p =

{
xkp

k + . . .+ x−1p
−1 k ≤ 0

0 otherwise

Note that for x ∈ Q, x −
∑

p[x ]p ∈ Z.

For u ∈ Qp consider the additive character χp,u : Qp → U(1) given
for x ∈ Qp by χp,u(x) = e−2πi [ux]p . The conductor of χp,u is the
kernel |u|pZp ⊆ Qp. Then χp,u(x) is additive in u, x ∈ Qp and

satisfies χp,u(x) = χp,−u(x) = χp,u(−x).
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Integration over Qp

Example

∫
pkZp

χp,u(x)dx =

∫
pkZp

e−2πi [ux]pdx = p−kγp(upk) k ∈ Z

where γp(x) is the p-adic Gaussian defined by

γp(u) =

∫
Zp

χp,u(x)dx =

∫
Zp

e−2πi [ux]pdx =

{
1 u ∈ Zp

0 u 6∈ Zp

For k = 0 the integral depends only on the conductor |u|pZp. For
k 6= 0 we change variables so∫
pkZp

χp,u(x)dx =

∫
pkZp

e−2πi [ux]pdx = p−k
∫
Zp

e−2πi [upkx]pdx = p−kγp(upk)
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Integration over Qp
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Fourier Theory over Qp

Let S(Qp) denote the space of Bruhat-Schwartz functions on Qp:
the C-vector space of compactly supported locally constant
functions f : Qp → C.
The field Qp is a locally compact Abelian group which is

Pontryagin self-dual, Q̂p = Qp.

Definition
For fp ∈ S(Qp) define the Fourier transform

f̂p(u) =

∫
Qp

fp(x)χp,u(x)dx =

∫
Qp

fp(x)e−2πi [ux]pdx

Define the inverse Fourier transform

fp(x) =

∫
Qp

f̂p(u)χp,u(x)du =

∫
Qp

f̂p(u)e2πi [ux]pdu
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Fourier Theory over Qp

Recall by a previous example,∫
pkZp

χp,u(x)dx =

∫
pkZp

e−2πi [ux]pdx = p−kγp(upk) k ∈ Z

Example (p-adic Gaussian Function)

Let fp(x) = γp(x) be the p-adic Gaussian function. Then

f̂p(u) =

∫
Qp

fp(x)χp,u(x)dx =

∫
Zp

χp,u(x)dx

=

∫
Zp

e−2πi [ux]pdx = fp(u)

by a previous example. Hence the p-adic Gaussian function
fp(x) = γp(x) is Fourier self-dual, f̂p = fp.



Fourier Theory over Qp

Example

∫
Qp−Zp

|x |spχp,u(x)dx = γp(u)
(

(1− ps)
1− ps+1|u|−s−1

p

1− ps+1
− 1
)

The integral depends only on the conductor |u|pZp. If u ∈ Zp with
conductor pk for k ≥ 0 we have∫
Qp−Zp

|x |spχp,u(x)dx =

∫
Qp−Zp

|x |spe−2πi [pkx]pdx =
∑
`≥1

ps`
∫
p−`Z×p

e−2πi [pkx]pdx

=
∑
`≥1

p(s+1)`

∫
Z×p

e−2πi [pk−`x]pdx =
p − 1

p

∑
1≤`≤k

p(s+1)` − 1

p
p(k+1)(s+1)

= (1− ps)
1− ps+1|u|−s−1

p

1− ps+1
− 1

If u 6∈ Zp with conductor pk for k < 0 the above integral vanishes.
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Fourier Theory over Qp

Fix a Haar measure d×x on Q×p normalized so that
∫
Z×p d×x = 1.

We have d×x = p
p−1

dx
|x |p .

Example

(Local factor ζp(s) = 1
1−p−s ) Let fp(x) = γp(x) be the p-adic

Gaussian function. Then f̂p = fp and we have

Zfp(s) =

∫
Qp

|x |spfp(x)d×x =

∫
Zp

|x |spd×x =
1

1− p−s
s 6= 0

For this we use Zp =
∐

k≥0 p
kZ×p so∫

Zp

|x |spd×x =
∑
k≥0

p−ks
∫
Z×p

d×x =
∑
k≥0

p−ks =
1

1− p−s
s 6= 0
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Fourier Theory over Qp

Example (p-adic Bessel Function)

The modified p-adic Bessel function Kp,s(x) can be written as an
inverse Fourier transform of ||(1, u)||−2s = max(1, |u|p)−2s ,
normalized by 1

1−p−2s by

1

1− p−2s

∫
Qp

max(1, |u|p)−2se2πi [ux]pdu = γp(x)
1− p−2s+1|x |2s−1

p

1− p−2s+1

By previous examples,

1

1− p−2s

∫
Qp

max(1, |u|p)−2se2πi [ux]pdu

=
1

1− p−2s

∫
Zp

e2πi [ux]pdu +
1

1− p−2s

∫
Qp−Zp

|u|−2s
p e2πi [ux]pdu

=
γp(x)

1− p−2s
+

γp(x)

1− p−2s

(
(1− p−2s)

1− p−2s+1|u|2s−1
p

1− p−2s+1
− 1
)

= γp(x)
1− p−2s+1|x |2s−1

p

1− p−2s+1
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Fourier Theory over AQ

Let S(AQ) denote the space of Bruhat-Schwarz functions on AQ:
the C-vector space of finite C-linear combinations of monomial
Schwartz functions f : AQ → C, namely f (x) =

∏
v fv (xv ) for

fv = γp for all but finitely many finite places v of Q.

Definition
For f ∈ S(AQ) define the Fourier transform

f̂ (u) =

∫
AQ

f (x)χu(x)dx =

∫
AQ

f (x)e−2πi [ux]dx

Define the inverse Fourier transform

f (x) =

∫
AQ

f̂ (u)χu(x)du =

∫
AQ

f̂ (u)e2πi [ux]du

For f =
∏

v fv a monomial Schwartz function we have f̂ =
∏

v f̂v .
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Zeta Integrals over AQ

Definition
For f ∈ S(AQ) define the global zeta integral

Zf (s) =

∫
IQ
|x |s f (x)d×x

For f =
∏

v fv a monomial Schwartz function we have
Zf (s) =

∏
v Zfv (s) for <(s) > 1.

Example (Completed Riemann Zeta Function)

Let f =
∏

v γv be the global Gaussian function. Then f̂ = f , and

Zf (s) =
∏
v

Zfv (s) = π−
s
2 Γ( s2 )

∏
p

1

1− p−s

so indeed Zf (s) = Z (s).
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Zeta Integrals over AQ

Example (Non-Holomorphic Eisenstein Series)

The non-holomorphic Eisenstein series Es(z) has Fourier expansion
Es(z) =

∑
n∈Z Es(y)ne

2πinx . Its coefficients are given

Es(z) = y s +
Z (2s − 1)

Z (2s)
y1−s +

∑
n∈Z

2

Z (2s)
|n|s−

1
2 y

1
2Ks− 1

2
(2π|n|y)σ1−2s(n)e2πinx

The 2
Z(2s) |n|

s− 1
2 y

1
2Ks− 1

2
(2π|n|y) = 1

ζ(2s)
2πs

Γ(s) |n|
s− 1

2 y
1
2Ks− 1

2
(2π|n|y)

is coming from the Bessel function. The generalized divisor sum
σ1−2s(n) is coming from the p-adic Bessel functions:

∏
p

(
γp(x)

1− p−2s+1|n|2s−1
p

1− p−2s+1

)
=
∑
d |n

d1−2s = σ1−2s(n)

Indeed Es(z) can be viewed as a certain integral over AQ.
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